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Abstract— Despite all the dynamics methods effectively used
in robotics control, few tackle the intricacies of the human
musculoskeletal systemitself. During movements,a hugeamount
of energy can be stored passively in the biomechanics of the
muscle system. Controlling such a system in a way that takes
advantageof the stored energy has lead to the Equilibrium-point
hypothesis(EPH). In this paper, we proposea two-phasemodel
based on the EPH. Our model is simple and general enough
to be extended to various motions of all body parts. In the
�rst phase, gradient descent is used to obtain one kinematics
endpoint in joint space,given a task in Cartesian space.In the
secondphasewhere the movementsare actually executed,we use
dampedsprings to simulate musclesto dri ve the limb joints. The
model is demonstrated by a humanoid doing walking, reaching,
and grasping.

I . INTRODUCTION

Humans and other primates can easily perform a wide
variety of tasks without much knowledge about themselves
and the environment.This contrastswith the currentstateof
robotics:even for a robot to reachto a position with natural
posecan be a researchtopic, much lessfor the robot t o be
as dexterousand intelligent as humans.In our research,we
usea virtual humanoidfrom BostonDynamicsInc. Although
the virtual guy canperform a repositoryof motions,it is not
an adaptive and intelligent agent.The reasonlies in the fact
that the virtual guy is simply playing back the motion data
capturedfrom humans.Whenit encountersnew environments
or tasks,it doesnot have the ability to plan new movements.
Evenwithin themethodof playingbackcapturedmotiondata,
mismatchand unrealisticmovementsare highly possibledue
to variousreasonsassensorerrors,calibrationerrors,andother
metric differencebetweenthe virtual modelandreal humans.

Oneof thecentralquestionsof studyinghumanmovements
is how theCentralNervousSystem(CNS)calculatesthemotor
commandsto drive the limb. One proposal, derived from
robotics,is thatthebraincomputesinversedynamicssolutions.
In movementcontrol,thetaskis usuallydescribedin Cartesian
space,which is different from the actual spacewhere the
motorcommandsareexecuted.Therefore,a propercoordinate
transformationis required to �nd the solution in the joint
spacegivena taskin Cartesianspace,which is well known as
inversedynamics.This problemturnsout to be quite dif�cult,
becausethe musculoskeletalsystemtypically hasmany more
degreesof freedom(DOFs) than the taskconstraintsat hand.
Among the inverse dynamicsmethods,one approachis to
studymovementcontrol asa formal optimizationproblemas
exempli�ed in [18] [13] [22]. Someresearcherstried to solve
the sameproblemby addingconstraintsto the redundancy as

in [21] [24] [19]. Mostof thoseapproachescanonly beapplied
to simple robotswith known geometryand in static environ-
ments.Few modelsareeligible to beusedin robotsystemsas
complicatedashumansin dynamicenvironments.The inverse
dynamicscalculationfor ananthropomorphicrobotwith more
than30 DOFsrequiresextremelyhigh computation.

Contrary to the inverse dynamics force control model,
Equilibrium Point Hypothesisis another theoretical frame-
work usedby a lot of researchersin humanmotor control.
Feldman [6] [7] pioneeredthe EPH that limb movements
could be achieved by shifting the limb posturerepresented
as equilibrium from one position to another. Researchersput
forward the theory and proposedmany more 'dialects' of
EPH [3] [4] [10]. The central idea of EPH spring model
discriminatesmovementplanningfrom execution.Motor plan-
ning is to programthe movementtasksby choosinga succes-
sion of discreteequilibrium points(EPs).Once thesepoints
are chosen,in the executionphasethe musclespring system
moveswithout further directionunderCNS control.

Whether it is EPH or inverse dynamicsthat really con-
trols human movementsis a subject of controversy. Many
researchersargueagainstthe EPH by providing experimental
evidence[12] [16]. Feldmanand other researchersdefended
theEPHin variousreference[5] [8] [9]. With all thosedebates,
mostof EPHresearchers'attentionhasbeenattractedto prove
the validity of the theory. Little researchhas beendirected
to study how humanschoosethose EPs for a given task.
Less work is devoted to demonstratehow the simple EPH
mechanismcan be appliedto control humanmotions.In this
paper, we proposea two-phasecontrol model basedon the
idea of the EPH. Given a task in Cartesianspace,we �rst
develop a motor simulation model to plan the EPs in joint
space.We speci�cally addressthe following two questions:
�rst, how are EPs calculatedto achieve a particular motor
goal?Second,how areEPsplannedin motorsynergy to satisfy
multiple goalsin complex movements?During the movement
execution, dampedspringsare used to simulate musclesto
actuallydrive the movements.We demonstratethat the model
is a general model that can unify the control of various
motions,suchas reaching,walking andhandmovements.

In the next section,we describethe detailsof the model in
the context of a simple reachingtask.SectionII demonstrate
thehumanoiddoing a diverseof complex motions.We �nally
concludethe paperanddiscussavenuesfor future work.



I I . MODEL DESCRIPTION

Our modelsuggeststhathumanmovementscanbe planned
in segments,and eachsegmenthasan equilibrium end-point
in joint con�guration. Before the movementsare initiated,
the end-point is calculatedusing the motor planning model
elaboratedbelow, andthenusedto setmusclelengths,modeled
as dampedsprings' naturallengths,for movementexecution.
During movement planning, the lest amount of necessary
equilibriumpointsis calculatedfor a motortask.For example,
in simplevoluntaryarmmovements,only �nal EP is probably
required. But in more complicatedmovementsas obstacle
avoidance,more than oneEPsare necessary. Movementsare
generatedby shifting from onesegmentEP to the next.

A. Motor planning

Given a taskin Cartesianspace,the �rst stepof our model
is to geta kinematicssolutionin joint space.To do so,a recent
suggestionhasbeento steerto the end point using gradient
descentof anobjective functionthatexpressesvariationof the
distancebetweenthecurrenthandtippositionto thedestination
[23]. Although we were able to replicate their results, in
our experiencethis methodis delicateand very sensitive to
its various parametersettings.Besides,their pure gradient
descentmethodcan have unrealistictrajectoriesas shown in
Fig. 2. However, it servesasthestartingpoint for our method
which usesthe gradientmethod,not to actually control the
movementexecution,but insteadin simulationto generateend
con�gurationsin joint spacethat arethenusedby subsequent
processingstages.

Fig. 1. Reachingtask in a 2D spacewith a 3 DOF system.

Considera three joint limb moving in a vertical plane as
shown in Fig. 1. Let X , the task space,be the set of points
that can be reachedby the arm in the plane. Let � , the
con�guration spaceor joint space,be a subsetof R3, and
it speci�es all the possiblepostures.There exists a vector
function f , which maps� onto X , i.e., every handlocation
x 2 X can be written as f (� ) for at least one � 2 � , and
every � mapsto a certainx 2 X . The objective function is
de�ned asthedistancefrom currentendeffectorpositionf (� )
to the destinationxD as in Equ. (1).
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u
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Bringing the hand to the destinationconsistsof repeatedly
computinggradientof theobjective functionandchangingthe
posturea small amountfor eachstepuntil the handreaches
the destination.The gradientfunction in Equ. (2) is a vector,
andeachcomponentspeci�eshow muchto changeeachjoint
valueto bring thehandcloserto thetarget.� is ascalingfactor
to adjustthe amountof changesof eachtime step.J (f (� )) is
the Jacobianmatrix.

d� = � �
(x � f (� )) � J (f (� ))
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We regeneratetheresultsof [23] in Fig. 2. Blue con�gurations
are the posturesobtainedby doing gradient descentto the
objective function for eachstep,andthegreencurve givesthe
trajectorygenerated.Thereare at leasttwo factorsthat make
their methodnonbiological.First, the trajectorygoesthrough
a big curve and follows a line going back to the destination,
which is not whatwe observe in humanreachingmovements.
Second,the endpostureshown in bold blue lines doesnot �t
with the humanposturein the sametask.

Fig. 2. End postureplanning. A) Blue curves: gradientsof the distance
function for eachtime step.B) Black curves:energy optimizationstepsto get
the realisticendpoint.

To solve the �nal postureproblem, we take the idea of
energy minimization. The same idea has been studied by
[1] [17]. Different from the energy in their methods,we
minimize the potential energy during the planning phase,
insteadof the kinetic energy which will not be availableuntil
themovementsbegin. Weassumethatthepotentialenergy is at
leastproportionalto the energy requiredfor the movements,
even if it doesnot representthe exact energy consumption
during the execution.We de�ne anothercost function given
in Equ.(3) usingLagrangemultiplier methodfor theconstraint
optimizationproblem.The goal is to minimize the �rst part,
which is the potentialenergy, while keepingthe secondpart,
which constraintsthe end effector to the destination,to be
zero.Theblackcon�gurationsin Fig. 2 illustratehow thejoint
con�gurationsgraduallychangingfrom the blue bold one to
the �nal biological endpostureshown in black bold lines.

E(� ) = M gh(� ) + � (f (� ) � xD ) (3)



where,M is the total massof the limb. h(� ) is the height
of the limb's centerof gravity (COG), and it is a funciton of
the current limb con�guration � . g is the gravity parameter.
The term of M gh(� ) is the potential energy of the limb
system.f (� ) is the currentend effector position, and xD is
the destination.� is the parameterfor the constraintfunction
in Lagrangemultiplier method[2].

B. Springmodel

Humanmovementsaredriven by the �e xion andextension
of muscles.Among the modelsto describemuscleproperties,
one widely-usedmodel is proposedby Hill in [14] [15]. A
muscleproducestwo kinds of forces,elasticandviscous.The
sum of thosetwo forces composesthe muscle's total force.
The passive elementof a musclehasan elasticpropertyand
can be simply modeledas a spring. The elastic force varies
directly with the distancethat is enlongedfrom its resting
length.The formula is given in Equ. (4):

Fe = K � (l � l r ) (4)

where,Fe is the elasticforce, l r andl arethe spring's resting
length and actual length, respectively. K is called the spring
constantor stiffness.

The molecularstructureof a musclecausesit to display
a propertyof viscosity, that is, the resistanceto move. This
resistive force is like a shock absorber[20]. If you push
the piston sitting over a �uid in an encapsulatedbucket, the
shockabsorberwill resistby a tensionof Fv that dependson
the viscosity B of the �uid. The fasteryou pushthe piston,
the strongerresistantforce the �uid generates.The relation
betweenthe speedof pushingandthe force canbe written in
Equ. (5)

Fv = B � _l (5)

where, _l is the velocity of the spring length. Combining the
two properties,the force producedby an active muscleis a
function of both the musclelengthandits rateof changingas
representedin Equ. (6).

F = K � (l � l r ) + B � _l (6)

whereK andB are the springstiffnessandviscosityparam-
etersrespectively.

C. Movementexecution

The dynamicssystemof the limb systemin Fig. 1 can be
usuallyexpressedin Equ. (7).

� = I (� ) •� + C(� ; _� ) _� + G(� ) (7)

where� is a 3� 1 vectorof torquesappliedto shoulder, elbow
andwrist, I (� ) is a3� 3 matrix representingthekineticenergy,
C(� ; _� ) is a 3 � 3 matrix of centrifugaland Coriolis effects,
G(� ) is a 3 � 1 vectorof gravitation. � , _� , and •� are vectors
of joint values,velocitiesandaccelerations.

In inversedynamicsmethods,for eachtime step, certain
torques are computedto drive the limb to move along a
plannedtrajectoryrepresentedasaseriesof joint values,veloc-
ities andaccelerations.This involvesa considerableamountof

computationeven in a simple 3 DOF system.In our model,
to actually drive the arm movements,we set the springsas
in Fig. 3, whereeachspring controlsone degreeof freedom
and producesthe amount forces as in Equ. (6). The joint
spacesolution obtainedduring the planningphaseallows the
ready determinationof the spring natural lengths.As far as
the springlengthl is not equalto the naturallengthl r , forces
are generatedto attract the joint con�gurations to the end
point. Comparingto the inversedynamicsmethods,springs
take charge of the movementcontrol oncethe naturallengths
are set and generateproper torquesto drive the limb to the
destination.

Fig. 3. Threedampedspringscontrolling a 3 DOF system

Fig. 4 shows four snapshotsof the arm moving from the
initial position to the destination.In the simulation,we use
constantspring stiffnessand viscosity parametersduring the
processof reaching.Differentsetsof parameterswill generate
different reachingmovements,and we manually adjust the
parametersto simulatethe realistic reaching.To further study
how closeour simulationis to humanreaching,we captured
somehumanmovementdata in the sametask and compare
them to the simulation results.Fig. 6 presentsthe reaching
trajectoryand speedpro�les comparison.Solid lines are the
capturedhuman data, and the dashedlines are the model
prediction.We getfairly good�tting of thetwo, andthemodel
generatesthetuningcurvesin speedpro�les typically observed
in humanreachingmovements.

Reachingwith avoidanceis alwaysa subjectof research.In
ourmodel,reachingwith avoidancecanbeeasilyimplemented
by addingonemoreEPduringplanning,which is theposition
where to avoid the obstacle.We assumethe robot system
knows the obstacleposition, and the 3D via point is chosen
beyond certain distancefrom the obstacle.Motor planning
algorithm is used to calculate the EP in joint spacewith
respectto the via point. Then movementsare achieved by
setting the two EPs consecutively. How the robot observes
the obstacle's position would involve vision systems,and is
beyond thesubjectof this paper. Fig. 5 givesthesnapshotsof
reachingwhile avoiding the desk.



Fig. 4. Reachingmovementexecuted.

Fig. 5. Reachingmovementwhile avoiding the desk.
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Fig. 6. Model simulationandhumanmovementcomparison.(a) endeffector
trajectory. (b) speedpro�les.
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Fig. 8. Four EPsfor onecycle of walking

I I I . HUMANOID SIMULATION

We build a 33 DOF humanoidas in Fig. 7. Each leg has
threejoints: hip, kneeandankle,andeachjoint hasoneDOF.
Each arm has six DOFs, three DOFs for the shoulder, one
for the elbow and the other two for the wrist. Torso hasone
DOF for leaningforward or backward. Currently, the headis
not involved in the movementcontrol.The humanoidhasone
handwith 14 DOFs.

A. Walking

Wedivideonecycleof walking into four segments,andeach
segmenthasoneendpointcon�guration. Naturalandrealistic
walking is generatedby shifting from oneendpointto thenext.
For regular walking, humanscontrol the movementswithin
thebody coordinate,thusthemotor planningmappingthe3D
taskspaceto humanjoint spaceis not necessary. Thewalking
introduced in this paper belongsto this category. Walking
with obstacleavoidance would require the planning phase
to calculatethe leg joint con�gurations with respectto the
obstaclein 3D space.Till this point, we did not implement
the function yet. The four EPs are de�ned after analyzing



Fig. 9. Humanoidwalking with coordinatedwhole body movements

the humanwalking data from Boston DynamicsInc. Fig. 8
speci�es the four EPs for one cycle of walking, and each
leg has three dampedspringsto control the contractionand
extensionof the hip, kneeandankle.

During walking simulation, one technical dif�culty is to
keep the humanoid's balancealong the walking direction.
When the springspull the robot's legs forward, the torso is
alwaysleggedbehind,sincethe body hasno outsiderforce to
provide the forward speed.The robot always endsup falling
backwards.We solve this problem by instantly pushing the
back foot on the ground.The counterforcefrom the ground
will provide thebodya forwardspeed.In the implementation,
the pushing force is producedby setting the back ankle's
spring natural length to a larger value for a short period,
when the front foot getscontactwith the ground.This way,
the body's COG shifts from the back foot to the front. This
is also the mechanismhumansuse during walking. Fig. 9
showsthesnapshotsof thehumanoidwalkingwith wholebody
coordinated.

B. Hand movements

In this part, we demonstratethe model to control the hand
graspingand manipulationof objects.We build a 14 DOF
handas in Fig. 7, wherethumb has2 DOFs and the rest of
�ngers eachhas3 DOFs.Graspingbasedon the EP model is
much easierthan traditional roboticsmethods,whereprecise
�nger positionson the object needsto be plannedaheadof
time.Fuentes[11] useddifferentprede�nedgraspingplansfor
different typesof regular objects,and a geneticalgorithm to
planthe�nger tip positionson anirregularobject.In our case,
planningcanbedoneby settingthe�nger EPsinto theobject.
On one hand,this strategy can greatly simplify the planning
computationcomparedto Fuentes'planning algorithms.On
the otherhand,it providesthe necessaryforce andfriction to

manipulatetheobjectwhenthe�nger tips getcontactwith the
object.How muchcontactforce to exert on the objectcanbe
adjustedby the stiffnessof the �nger springs.

Fig. 10 shows the handgraspinga cylinder, and releasing
it. This is a simple demonstrationof the model applied to
the hand doing graspingand manipulation.The hand is a
simpli�ed version of human hand. The goal of this part is
to illustrate that our EP basedmodel is a generalandsimple
enoughmodel to be applied to hand control. To synthesize
morecomplex handandobjectsinteractions,we needto build
the handcloserto humanhandby addinga headingrotation
to each�nger, andtwo morerotationsto the thumb. Grasping
and manipulationof sphere,cubic or other kinds of objects
canbe implementedeasilybasedon this EP model.

IV. CONCLUSION AND FUTURE WORK

A. Conclusion

We discussthe limitations of traditional inversedynamics
methodsapplying to an anthropomorphicrobot to generate
complex behaviors in a physicalworld. Basedon equilibrium-
point hypothesis,we developa two-phasecontrolmodelthatis
generalenoughto controla diversityof motionsinvolving any
partsof humanbody. Our majorcontribution is in presentinga
novel humanmovementcontrol model that canunify various
bothsimpleandcomplex humanmotions.Besides,our model
are inspiredfrom �ndings of humanmovementresearch,and
can serve as a candidateto further study humanmovements.
Till this point, mostof humancontrol modelsarerestrictedto
simple movementsin 2D spacewithin very small scope.To
further study humanmotions,modelsthat can accommodate
largemovementsin 3D spaceis indispensable.Our modelcan



Fig. 10. Humanoidreachingandgraspingthe object.

be viewed asa test-bedto humanmovementresearch,aswell
asa humanoidrobot to demonstrateits capability.

From the aspectof both robotics and human movement
modeling,oneof thebiggestadvantageof theEPbasedmodel
is their low computationrequirement.For example,electro-
mechanicalsystemsthat use direct servoing, such as ATR's
SARCOSsystem,requireratesashighas10KHzto implement
inversecontrol methods,while cortical neurons'signaling is
typically in the rangeof 10 to 100 Hz. Thusany biologically
plausiblemethodof control shouldrespectthe low sampling
rates available. The only computationof the EP model is
to choosea successionof discreteEPs. Once thesepoints
are chosen,the musclespring systemmoves without further
guidanceunderthe control.

B. Future work

Till this point, we only build a prototype of the control
model,andscratchthesurfaceof theresearchthatcanbedone
basedon the model. With the graphicshumanoid,we want
to build motor movementunits, such as protective stepping
and arm reaction when falling down, different rising after
a fall, balancingetc. Learning algorithmscan be attempted
to learn the mappingbetweenthe statespaceto the action
control. The humanoidwill be studiedhow to autonomously
react to dynamic environments. Another direction can be
motor learning. Insteadof the traditional motor learning of
trajectoriesor dynamics,we canhaverobotlearntheEPsfrom
observingthe teacher's behaviors. For example,for a mimic
robot to repeat the demonstrator's reachingmovement, the
only parametersit hasto learnarethe endpostureandspring
parameters.This greatly reducesthe amountof information
and computationconveyed to the learner, and simpli�es the
process.

REFERENCES

[1] R. McN. Alexander. A minimumenergy costhypothesisfor humanarm
trajectories.Biological Cybernetics, 76:97–105,1997.

[2] Dimitri P. Bertsekas.Constrainted Optimizationand Lagrange Multi-
plier Methods. AcademicPress,1982.

[3] E. Bizzi, N. Accornero,W. Chapple,and H. Hogan. Arm trajectory
formation. Exp. Brain Res., 46:139–143,1982.

[4] E. Bizzi, F. A. Mussa-Ivaldi, and S. Giszter. Computationsunderlying
the executionof movement:a biologicalperspective. Science, 253:287–
291, 1991.

[5] A. Feldmanand M. Latash. Testinghypothesesand the advancement
of science:recentattemptsto falsify the equilibrium point hypothesis.
Exp. Brain Res., 161:91–103,2005.

[6] A. G. Feldman.Functionaltuningof thenervoussystemwith controlof
movementor maintenanceof asteadyposture.ii. controllableparameters
of the muscle.Biophysics, 11:565–578,1966.

[7] A. G. Feldman. Functionaltuning of the nervous systemwith control
of movementor maintenanceof a steadyposture.iii. mechanographic
analysisof executionby man of the simplestmotor tasks. Biophysics,
11:766–775,1966.

[8] A. G. Feldman.Oncemoreon equilibrium-pointhypothesis(� model)
for motor dontrol. J. Motor Behavior, 18:17–54,1986.

[9] A. G. Feldman,D. J. Ostry, M. F. Levin, P. L. Gribble, and A. B.
Mitnitski. Recenttestsof the equilibrium-pointhypothesis(� model).
Motor Control, 2:189–205,1998.

[10] T. Flash.Thecontrolof handequilibriumtrajectoriesin multi-joint arm
movements.Biological Cybernetics, 57:257–274,1987.

[11] OlacFuentes.Behavior-BasedDextrousManipulation:TheVirtual Tool
Approach. PhD thesis,University of Rochester, 1997.

[12] H. Gomi and M. Kawato. Equilibrium-point control hypothesisexam-
ined by measuredarm-stiffnessduring multi-joint movement. Science,
272:117–120,1996.

[13] C. M. Harris and D. M. Wolpert. Signal-dependentnoisedetermines
motor planning.Nature, 394:780–784,1998.

[14] A.V. Hill. The heatof shorteningandthe dynamicconstantsof muscle.
Proceedingsof RoyalSocietyB, 126:136–195,1938.

[15] A.V. Hill. Theserieselasticcomponentof muscle.Proceedingsof Royal
SocietyB, 137:399–420,1950.

[16] M. R. Hinder and T. E. Milner. The casefor an internal dynamics
modelversusequlibriumpoint control in humanmovement.Journal of
Physiology, 549(3):953–963,2003.

[17] T. KashimaandY. Isurugi. Trajectoryformationbasedon physiological
characteristicsof skeletalmuscles.Biological Cybernetics, 78:413–422,
1998.

[18] M. Kawato. Internal modelsfor motor control and trajectoryplanning.
Current Opinion in Neurobiology, 9:718–727,1999.

[19] C. Phillips and N. Badler. Interactive behaviors for bipedalarticulated
�gures. ACM ComputerGraphics, 25(4):359–362,1991.

[20] R. Shadmehrand M.A. Arbib. A mathematicalanalysisof the force-
stiffnesscharacteristicsof musclesandthe role of re�exes in control of
a single joint system.Biological Cybernetics, 66:463–477,1992.

[21] N. Sundar. Dexterousrobotic hands:Kinematicsandcontrol. Master's
thesis,Indian Instituteof Technology, 1983.

[22] E. Todorov and M. Jordan. Optimal feedbackcontrol as a theory of
motor coordination.Nature Neuroscience, 5(11):1226–1235,2002.

[23] E. TorresandD. Zipser. Reachingto graspwith a multi-jointed arm. i.
computationalmodel.Journalof Neurophysiology, 88:2355–2367,2002.

[24] J. Zhao and N. Badler. Inversekinematicspositioningusing nonlinear
programming for highly articulated �gures. ACM Transactionson
Graphics, 13(4):313–336,1994.


